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Abstract. Probabilistic finite-state string transducers (FSTs) are extremely pop-
ular in natural language processing, due to powerful generic methods for ap-
plying, composing, and learning them. Unfortunately, FSTs are not a good fit
for much of the current work on probabilistic modeling for machine translation,
summarization, paraphrasing, and language modeling. These methods operate di-
rectly on trees, rather than strings. We show that tree acceptors and tree transduc-
ers subsume most of this work, and we discuss algorithms for realizing the same
benefits found in probabilistic string transduction.

1 Strings

Many natural language problems have been successfully attacked with finite-state ma-
chines. It has been possible to break down very complex problems, both conceptually
and literally, into cascades of simpler probabilistic finite-state transducers (FSTs).
These transducers are bidirectional, and they can be trained on sample input/output
string data. By adding a probabilistic finite-state acceptor (FSAs) language model to
one end of the cascade, we can implement probabilistic noisy-channel models.1 Fig-
ure 1 shows a cascade of FSAs and FSTs for the problem of transliterating names and
technical terms across languages with different sounds and writing systems [1].

The finite-state framework is popular because it offers powerful, generic operations
for statistical reasoning and learning. There are standard algorithms for:

– intersection of FSAs
– forward application of strings and FSAs through FSTs
– backward application of strings and FSAs through FSTs
– composition of FSTs
– k-best path extraction
– supervised and unsupervised training of FST transition probabilities from data

Even better, these generic operations are already implemented and packaged in re-
search software toolkits such as AT&T’s FSM toolkit [2], Xerox’s finite-state calculus
[3,4], van Noord’s FSA Utilities [5], the RWTH toolkit [6], and USC/ISI’s Carmel [7].

1 In the noisy-channel framework, we look for the output string that maximizes P(output � input),
which is equivalent (by Bayes Rule) to maximizing P(output) � P(input � output). The first term
of the product is often captured by a probabilistic FSA, the second term by a probabilistic FST
(or a cascade of them).
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Fig. 1. A cascade of probabilistic finite-state machines for English/Japanese transliteration [1]. At
the bottom is an optically-scanned Japanese katakana string. The finite-state machines allow us to
compute the most probable English translation (in this case, “Masters Tournament”) by reasoning
about how words and phonemes are transformed in the transliteration process.



Indeed, Knight & Al-Onaizan [8] describe how to use generic finite-state tools to
implement the statistical machine translation models of [9]. Their scheme is shown in
Figure 2, and [8] gives constructions for the transducers. Likewise, Kumar & Byrne
[10] do this job for the phrase-based translation model of [11].

FSA�

Mary did not slap the green witch�

FST�

Mary not slap slap slap the green witch�

FST�

Mary not slap slap slap NULL the green witch�

FST�

Mary no dió una bofetada a la verde bruja�

FST�

Mary no dió una bofetada a la bruja verde

Fig. 2. The statistical machine translation model of [9] implemented with a cascade of standard
finite-state transducers [8]. In this model, an observed Spanish sentence is “decoded” back into
English through several layers of word substitution, insertion, deletion, and permutation.

2 Trees

Despite the attractive computational properties of finite-state tools, no one is particu-
larly fond of their representational power for natural language. They are not adequate
for long-distance reordering of symbols needed for machine translation, and they cannot
implement the trees, graphs, and variable bindings that have proven useful for describ-
ing natural language processes. So over the past several years, researchers have been
developing probabilistic tree-based models for

– machine translation (e.g., [13,14,12,15,16,17])
– summarization (e.g., [18])
– paraphrasing (e.g., [19])
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Fig. 3. A syntax-based machine translation model [12].

– natural language generation (e.g., [20,21,22])
– question answering (e.g., [23]), and
– language modeling (e.g., [24])

An example of such a tree-based model is shown in Figure 3. Unlike in the previous
figures, the probabilistic decisions here are sensitive to syntactic structure.

We have found that most of the current syntax-based NLP models can be neatly
captured by probabilistic tree automata. Rounds [25] and Thatcher [26] independently
introduced top-down tree transducers as a generalization of FSTs. Rounds was moti-
vated by problems in natural language:

“Recent developments in the theory of automata have pointed to an extension
of the domain of definition of automata from strings to trees ... parts of math-
ematical linguistics can be formalized easily in a tree-automaton setting ... We
investigate decision problems and closure properties ... results should clarify
the nature of syntax-directed translations and transformational grammars.” [25]

Top-down tree transducers [25,26] are often called R-transducers. (R stands for “Root-
to-frontier”). An R-transducer walks down an input tree, transforming it and processing
branches independently in parallel. It consists of a set of simple transformation pro-
ductions (or rules) like this:

q A

x0 x1 x2

�

B

D

q x1 r x0

r x1



This production means:

When in state q, facing an input tree with root symbol A and three children
about which we know nothing, replace it with a subtree rooted at B with two
children, the left child being a D with two children of its own. To compute D’s
children, recursively process A’s middle child (with state q) and A’s left child
(with state r). To compute B’s right child, recursively process A’s middle child
(with state r).

Here, “recursively” means to take the subtree rooted at A’s child and look for produc-
tions that might in turn match it. R productions are limited to left-hand sides that match
only on <state, symbol> pairs, while the right-hand side may have any height. Produc-
tions are often written textually, e.g.:

q A(x0, x1, x2) � B(D(q x1, r x0), r x1)

If probabilities are attached to individual productions, then the tree transducer becomes
a probabilistic tree transducer.

Figure 4 shows a probabilistic R-transducer based on a machine translation model
similar to [12]. This model probabilistically reorders siblings (conditioned on the par-
ent’s and siblings’ syntactic categories), inserts Japanese function words, and translates
English words into Japanese, all in one top-down pass. It defines a conditional proba-
bility distribution P(J | E) over all English and Japanese tree pairs. Figure 5 shows an
R-derivation from one English input tree (with start state q.s) to one possible Japanese
output.

Figure 6 shows the corresponding derivation tree, which is a record of the rules
used in the derivation shown in Figure 4. There are several things worth noting:

– Some rules (like Rule 4) may appear multiple times in the same derivation tree.
– Both the input and output trees can be recovered from the derivation tree, though

this takes some work.
– There are usually many derivation trees connecting the same input tree (in this case,

English) with the same output tree (in this case, Japanese), i.e., multiple ways of
“getting from here to there.”

The fact that we can use tree transducers to capture tree-based models proposed in
the natural language literature is significant, because extensive work goes into each of
these models, for both training and decoding. These are one-off solutions that take a
long time to build, and they are difficult to modify. By casting translation models as
R-transducers, Graehl & Knight [27] discuss how to add productions for linguistic phe-
nomena not captured well by previous syntax-based translation models, including non-
constituent phrase translation, lexicalized reordering, and long-distance wh-movement
(Figure 7). Having generic, implemented R operations would allow researchers to focus
on modeling rather than coding and specialized algorithm development.

The purpose of this paper is to explore whether the benefits of finite-state string
automata can be enjoyed when we work with trees—i.e., what are the implications of
trying to reason with tree models like Figure 4, in transducer cascades like those shown



/* translate */

1. q.s S(x0, x1) �
��� �

S(q.np x0, q.vp x1)
2. q.s S(x0, x1) �

��� �
S(q.vp x1, q.np x0)

3. q.np x �
��� �

r.np x
4. q.np x �

��� �
NP(r.np x, i x)

5. q.np x �
��� �

NP(i x, r.np x)
6. q.pro PRO(x0) �

��� �
PRO(q x0)

7. q.nn NN(x0) �
��� �

NN(q x0)
8. q.vp x �

��� �
r.vp x

9. q.vp x �
��� �

S(r.vp x, i x)
10. q.vp x �

��� �
S(i x, r.vp x)

11. q.vbz x �
��� �

r.vbz x
12. q.vbz x �

��� 	
VP(r.vbz x, i x)

13. q.vbz x �
��� �

VP(i x, r.vbz x)
14. q.sbar x �

��� 

r.sbar x

15. q.sbar x �
��� �

SBAR(r.sbar x, i x)
16. q.sbar x �

��� �
SBAR(i x, r.sbar x)

17. q.vbg VBG(x0) �
��� �

VP(VB(q x0))
18. q.pp PP(x0, x1) �

��� �
NP(q.np x1, q.p x0)

19. q.p P(x0) �
��� �

PN(q x0)
20. q he �

��� �
kare

21. q enjoys �
��� �

daisuki
22. q listening �

��� �
kiku

23. q to �
��� �

o
24. q to �

��� 
ni

25. q music �
��� �

ongaku
26. r.vp VP(x0, x1) �

��� �
S(q.vbz x0, q.np x1)

27. r.vp VP(x0, x1) �
��� �

S(q.np x1, q.vbz x0)
28. r.sbar SBAR(x0, x1) �

��� �
S(q.vbg x0, q.pp x1)

29. r.sbar SBAR(x0, x1) �
��� �

S(q.pp x1, q.vbg x0)
30. r.np NP(x0) �

��� �
q.pro x0

31. r.np NP(x0) �
��� �

q.nn x0
32. r.np NP(x0) �

��� �
q.sbar x0

33. r.vbz VBZ(x0) �
��� 

VB(q x0)

/* insert */

34. i NP(x0) �
��� 


PN(wa)
35. i NP(x0) �

��� 

PN(ga)

36. i NP(x0) �
��� �

PN(o)
37. i NP(x0) �

��� �
PN(ni)

38. i SBAR(x0, x1) �
��� 

PS(no)
39. i VBZ(x0) �

��� �
PV(desu)

Fig. 4. A probabilistic tree transducer.



Fig. 5. An English (input) tree being transformed into a Japanese (output) tree by the tree trans-
ducer in the previous figure. Because the transducer is non-deterministic, many other output trees
are also possible.



Fig. 6. A derivation tree, or record of transducer rules used to transform a particular input tree
into a particular output tree. With careful work, the input and output trees can be recovered from
the derivation tree.



Fig. 7. Tree transducer operations for capturing translation patterns.

in Figures 1 and 2? We survey the extensive literature on tree automata from the focused
viewpoint of large-scale statistical modeling/training/decoding for natural language.

In this paper, we give many examples of tree transducers and discuss their conse-
quences, but we will not give formal mathematical definitions and proofs (e.g., “ �����

a tree transducer is a 7-tuple ����� ”). For readers wishing to dig further into the tree
automata literature, we highly recommend the excellent surveys of Gécseg & Steinby
[28] and Comon et al [29].

Because tree-automata training is already discussed in [27,30], this paper concen-
trates on intersection, composition, forward and backward application, and search.

3 Intersection

In finite-state string systems, FSAs represent sets of (weighted) strings, such as English
sentences. FSAs can capture only regular languages (which we refer to here as regu-
lar string languages (RSLs) to distinguish them from tree languages). Other ways to
capture RSLs include regular grammars and regular expressions. The typical operation
on FSAs in a noisy-channel cascade is the intersection of channel-produced candidate
strings with an FSA language model. It is very convenient to use the same English
language model across different applications that need to map input into English (e.g.,
translation).

When working with trees, an analog of the RSL is the regular tree language, which
is a (possibly infinite) set of trees. A probabilistic RTL assigns a P(tree) to every tree.
An RTL is usually specified by a regular tree grammar (RTG), an example of which
is shown in Figure 8. Alternatively, there exists an RTL recognition device [31] that



�
= � S, NP, VP, PP, PREP, DET, N,

V, run, the, of,
sons, daughters �

N = � qnp, qpp, qdet, qn, qprep �
S = q
P = � q �

��� �
S(qnp, VP(VB(run))),

qnp �
��� �

NP(qdet, qn),
qnp �

��� �
NP(qnp, qpp),

qpp �
��� �

PP(qprep, np),
qdet �

��� �
DET(the),

qprep �
��� �

PREP(of),
qn �

��� 	
N(sons),

qn �
��� 	

N(daughters) �
Sample accepted trees:

S(NP(DET(the), N(sons)),
VP(VB(run)))

(prob = 0.3)

S(NP(NP(DET(the), N(sons)),
PP(PREP(of),

NP(DT(the),
N(daughters)))),

VP(VB(run)))

(prob = 0.036)

Fig. 8. A sample probabilistic regular tree grammar (RTG). This RTG accepts/generates an infi-
nite number of trees, whose probabilities sum to one.



crawls over an input, R-style, to accept or reject it. This device is the analog of an FSA.
In contrast with FSAs, non-deterministic top-down RTL recognizers are strictly more
powerful than deterministic ones.

Fig. 9. String language classes and tree language classes. These classes include regular string
languages (RSL), regular tree languages (RTL), context-free (string) languages (CFL), context-
free tree languages (CFTL), and indexed (string) languages.

Fig. 10. A tree language that is not a regular tree language (RTL).

There exists a standard hierarchy of tree language classes, summarized in Figure 9.
Some sets of trees are not RTL. An example is shown in Figure 10—left and right
subtrees are always of equal depth, but there is no way to guarantee this for arbitrary
depth, as a regular tree grammar must produce the subtrees independently.

The connection between string and tree languages (Figure 9) was observed by
Rounds [25]—if we collect the leaf sequences (yields) of the trees in an RTL, we are
guaranteed to get a string set that is a context-free language (CFL). Moreover, every
CFL is the yield language of some RTL, and the derivation trees of a CFG form an
RTL. However, an RTL might not be the set of derivation trees from any CFG (unless
re-labeling is done).



The tree language in Figure 10 is not RTL, but it is a context-free tree language
(CFTL). CFTG allows the left-hand side of a production to have variables—the CFTG
for Figure 10 is:

S
�

b S
�

N(S) N(x)
�

a

x x

The yield language of this non-RTL is {b �
�

: � ��� }, which is not a CFL. We do not
pursue CFTG further.

Strings Trees
RSL CFL RTL
(FSA, regexp) (PDA, CFG) (RTA, RTG)

closed under union YES ([32] p. 59) YES ([32] p. 131) YES ([28] p. 72)
closed under intersection YES ([32] p. 59) NO ([32] p. 134) YES ([28] p. 72)
closed under complement YES ([32] p. 59) NO ([32] p. 135) YES ([28] p. 73)
membership testing O(n) ([32] p. 281) O(n



) ([32] p. 140) O(n) ([28] p. 110)

emptiness decidable YES ([32] p. 64) YES ([32] p. 137) YES ([28] p. 110)
equality decidable YES ([32] p. 64) NO ([32] p. 203) YES ([28] p. 110)

Fig. 11. Properties of string and tree language classes.

How do the properties of tree languages stack up against string languages? Figure 11
summarizes. The good news is that RTLs have all of the good properties of RSLs. In
particular, RTLs are closed under intersection, so there exists an algorithm to intersect
two RTGs, which allows probabilistic RTG language models to be intersected with
possibly infinite sets of candidate trees coming through the noisy channel. RTGs are
therefore a suitable substitute for FSAs in such probabilistic cascades.

It is also interesting to look at how RTGs can capture probabilistic syntax models
proposed in the natural language literature. RTGs easily implement probabilistic CFG
(PCFG) models initially proposed for tasks like natural language parsing2 and language
modeling.3 These models include parameters like P(NP � PRO � NP). However, PCFG
models do not perform very well on parsing tasks. One useful extension is that of John-
son [33], which further conditions a node’s expansion on the node’s parent, e.g., P(NP

� PRO � NP, parent=S). This captures phenomena such as pronouns appearing in sub-
ject position more frequently than in object position, and it leads to better performance.
Normally, Johnson’s extension is implemented as a straight PCFG with new node types,
e.g., P(NP � � PRO �
	�� NP � ). This is unfortunate, since we are interested in getting

2 The parsing task is frequently stated as selecting from among the parse trees of a input sentence
the one with highest P(tree).

3 The language modeling task is to assign a high P(tree) only to grammatical, sensible English
trees.



out trees with labels like NP and PRO, not NP � and PRO � . An RTG elegantly captures
the same phenomena without changing the node labels:

{qstart � S(qnp.s, qvp.s)
qvp.s � VP(qv.vp, qnp.vp)
qnp.s ����� � NP(qpro.np)
qnp.s ����� � NP(qdet.np, qn.np)
qnp.vp ����� �	� NP(qpro.np)
qnp.vp ����� 
�� NP(qdet.np, qn.np)
qpro.np � ��� � PRO(he)
qpro.np ����� � PRO(him)
��� � }

Here we can contrast the 0.3 value (pronouns in subject position) with the 0.05 value
(pronouns in object position).

A drawback to the above model is that the decision to generate “he” or “him” is not
conditioned on the subject/object position in the sentence. This can also be addressed
in an RTG—the more context is useful, the more states can be introduced.

High-performing models of parsing and language modeling [34,24] are actually
lexicalized, with probabilistic dependencies between head words and their modifiers,
e.g., P(S=sang � NP=boy VP=sang � S=sang). Because they are trained on sparse data,
these models include extensive backoff schemes. RTGs can implement lexicalized mod-
els with further use of states, though it is open whether good backoff schemes can be
encoded by compact RTGs.

Another interesting feature of high-performing syntax models is that they use a
markov grammar rather than a finite list of rewrite rules. This allows them to recognize
or build an infinite number of parent/children combinations, e.g., S � NP VP PP

�
.

Formal machinery for this was introduced by Thatcher [35], in his extended context-
free grammars (ECFG). ECFGs allow regular expressions on the right-hand side of
productions, and they maintain good properties of CFGs. Any string set represented by
an ECFG can also be captured by a CFG, though (of course) the derivation tree set may
not be captured.

While standard PCFG grammars are parameterized like this

P ������ (S � ADV NP VP PP PP � S),

markov grammars [34,24] are parameterized somewhat like this:

P � ����� (VP � S) �
P ������� (NP � VP, S) �
P ������� (ADV � VP, S) �
P ������� (STOP � VP, S) �
P ���� � � (PP � VP, S) �
P ���� � � (PP � VP, S) �
P ���� � � (STOP � VP, S)

We can capture this exactly by replacing the right-hand side of each ECFG production
with a probabilistic FSA, with transitions weighted by the parameter values above, re-



sulting in a probabilistic ECFG. The extended CFG notion can then be carried over
to make an extended probabilistic RTG, which is a good starting point for capturing
state-of-the-art syntax models.

4 Tree Transducer Hierarchy

Before turning to tree transducer composition, we first cover the rich class hierarchy
of tree transducers. Some of these classes are shown in Figure 12. (This figure was
synthesized from many sources in the tree automata literature). Standard acronyms are
made of these letters:

– R: Top-down transducer, introduced before.
– F: Bottom-up transducer (“Frontier-to-root”), with similar rules, but transforming

the leaves of the input tree first, and working its way up.
– L: Linear transducer, which prohibits copying subtrees. Rule 4 in Figure 4 is ex-

ample of a copying production, so this whole transducer is R but not RL.
– N: Non-deleting transducer, which requires that every left-hand-side variable also

appear on the right-hand side. A deleting R-transducer can simply delete a subtree
(without inspecting it). The transducer in Figure 4 is the deleting kind, because of
rules 34-39. It would also be deleting if it included a rule for dropping English
determiners, e.g., q NP(x0, x1) � q x1.

– D: Deterministic transducer, with a maximum of one production per <state, sym-
bol> pair.

– T: Total transducer, with a minimum of one production per <state, symbol> pair.
– PDTT: Push-down tree transducer, the transducer analog of CFTG [36].
– subscript � : Regular-lookahead transducer, which can check to see if an input sub-

tree is tree-regular, i.e., whether it belongs to a specified RTL. Productions only fire
when their lookahead conditions are met.

We also introduce the prefix x for transducers with extended left-hand-side produc-
tions4 that can look finitely deeply into the input, performing tests or grabbing deeper
material. xR-transducers are easier to write; for example, we can have a production like

q S

x0:PRO VP

x1:VB x2:NP

�

S

q x1 q x0 q x2

which moves a subject pronoun in between the verb and direct object, as happens in
machine translation between certain language pairs.

4 Extended left-hand-side productions are not related to extended context-free grammars—the
notions unfortunately overwork the same adjective.



Fig. 12. Some tree transducer classes. Upward arrows indicate increasing levels of transduction
power (higher classes can capture more kinds of transductions). Arrows are labeled with a rough
description of the power that is added by moving to the higher class. R

�
represents the transduc-

tion capability of two R-transducers chained together.



Fig. 13. Complex re-ordering with an R-transducer.

Actually, this case can be captured with R, through the use of states and copying, as
demonstrated with these productions:

q S

x0 x1

�

S

qleft.vp.v x1 qpro x0 qright.vp.np x1

qleft.vp.v VP

x0 x1

�

qv x0 qright.vp.np VP

x0 x1

�

qnp x1

Figure 13 shows how the transformation is carried out. This kind of rule programming
is cumbersome, however, and the single xR production above is preferred.

Because of their good fit with natural language applications, extended left-hand-
side productions were briefly touched on already in Section 4 of Rounds’ paper [25],
though not defined. xR cannot quite be simulated by R, because xR has the power to
check the root label of a subtree before deleting that subtree, e.g.:

q NP

x0:DET x1:N

� x1



Figure 12 shows that R and F are incomparable. R can delete subtrees without look-
ing at them, while F cannot. F can non-deterministically modify a tree bottom-up, then
copy the result, while R has to make the copies first, before modifying them. Since they
are modified independently and in parallel, R cannot guarantee that copies are modified
in the same way.

We can also see that non-copying RL and FL transducers have reduced power. Pro-
hibiting both deletion and copying removes the differences between R and F, so that
RLN = FLN. Regular lookahead adds power to R [37].

The string-processing FST appears in Figure 12 at the lower right. If we write strings
vertically instead of horizontally, then the FST is just an RLN transducer with its left-
hand-side productions limited to one child each. Standard FSTs are non-deleting. FSTs
can also have transitions with both epsilon input and epsilon output. We show the tree
analog of this in Rule 3 of Figure 4; we note that proofs in the tree automata literature
do not generally work through epsilon cases.

5 Composition

Now we turn to composition. For the string case, FSTs are closed under composition,
which means that a long FST cascade can always be composed offline into a single FST
before use.

By contrast, R is not closed under composition, as demonstrated by Rounds [25].
The proof is as follows. We set up one R-transducer to non-deterministically modify a
monadic (non-branching) input tree composed of some number of a’s followed by a b;
this transducer changes some of the a’s to c’s and other a’s to d’s:

q a

x0

�

c

q x0

q a

x0

�

d

q x0

q b
�

b

We then set up another R-transducer that simply places two copies of its input under a
new root symbol e:

q x
�

e

r x r x

r c

x0

�

c

r x0

r d

x0

�

d

r x0

r b
�

b

Each of these two transformations is R, but no single R-transducer can do both jobs at
once, i.e., non-deterministically modify the input and make a copy of the result. The
copy has to be made first, in which case both copies would be processed independently
and the branches would diverge. The fact that R is not closed under composition is de-
noted in Figure 12 by the fact that R � (the class of transformations that can be captured
with a sequence of two R-transducers) properly contains R.

RL is also not closed under composition [38]. To show this, we set up one RL
transducer to pass along its input tree untouched, but only in case the right branch
passes a certain test (otherwise it rejects the whole input):



q a

x0 x1

�

a

q x0 r x1

r a

x0 x1

�

a

q x0 r x1

q b � b q f � f r f � f

We set up another RL transducer to simply delete the right branch of its input:

q a

x0 x1

�

s x0 s a

x0 x1

�

a

s x0 s x1

s b � b s f � f

No transducer can do both jobs at once, because no R or RL transducer can check a
subtree first, then delete it.

Better news is that RLN (= FLN) is closed under composition, and it is a natural
class for many of the probabilistic tree transformations we find in the natural language
literature. If we are fond of deleting, then FL is also closed under composition. RTD is
also closed, though total deterministic transformations are not of much use in statistical
modeling. There are also various other useful compositions and decompositions [38],
such as the fact that RL composed with RLN is always RL. These decompositions can
help us analyze transducer cascades with mixed transducer types.

We note in passing that none of the tree transducers are closed under intersection,
but string FSTs fare no better in this regard (Figure 14). We also note that all the listed
transducers are as efficiently trainable as FSTs, given sample tree pairs [27].

6 Forward and Backward Application

Next we turn to transducer application, e.g., what happens if we send an input tree
through an R-transducer? What form will the output take?

First, the string case: if we feed an input FSA to an FST, the output (image) is
always an FSA. Likewise, if we present an observed output FSA, we can ask the FST
what inputs might have produced any of those strings (inverse image), and this is also
always an FSA. In practice, the situation is even simpler—we turn input FSAs into
identity FSTs, then use FST composition in place of application.

For trees, we can also create an identity tree transducer out of any RTG, but gen-
eral composition may not be possible, as described in the previous section. However,
straight application is a different story—known results are summarized in the remainder
of Figure 14.

The bad news is that R does not preserve regularity. For example, consider the
transducer



Strings Trees
FST R RL RLN (= FLN) F FL

closed under YES NO NO YES NO YES
composition [28] p. 162 [28] p. 158 from FL [28], p. 162 [28], p. 158
closed under NO NO NO NO NO NO
intersection

efficiently YES YES YES YES YES YES
trainable [39] [27] from R from R

image of RSL RTL RTL RTL not RTL RTL
tree is: [28], p. 52 [28], p. 175 from R [28], p. 174
inverse image RSL RTL RTL RTL RTL RTL
of tree is: [28], p. 52 [28], p. 162 from R from R [28], p. 162 from F
image of RSL not RTL RTL RTL not RTL RTL
RTL is: [28], p. 52 [28], p. 179 [28], p. 175 from R [28], p. 179 [28], p. 174
inverse image RSL RTL RTL RTL RTL RTL
of RTL is: [28], p. 52 [28], p. 162 from R from R [28], p. 162 from F

Fig. 14. Properties of string and tree transducers.

q a

x0

�

a

q x0 q x0

q b
�

b

If we supply this transducer with an input RTL consisting of all the monadic trees a
�
b,

then we get the non-RTL output tree set shown back in Figure 10. The same holds for
F. In fact, the situation is worse for F, because even a single input tree can produce
non-RTL output.

The good news is that sending a single tree (or by extension a finite RTL) through R
guarantees RTL output. Moreover, the inverse image of an RTL through any of R, RL,
RLN, F, or FL is still RTL. This is relevant to our noisy-channel cascade, in which the
observed tree is passed backwards through the transducer cascade until it reaches the
language model. This will work even for a cascade of R-transducers, despite the fact
that it is not possible to compose those transducers off-line in the general case.

Getting a correct inverse image is tricky when the transducer is a deleting one (e.g.,
R or RL). A fully-connected RTL, capable of generating any tree in the language, must
be inserted at every delete-point going backwards.5 Copying also complicates inverse
imaging, but it can be handled with RTL intersection.

5 In practice, we may think twice about using delete-before-check to delete an English deter-
miner, e.g., q NP(x0 x1) � x1. In decoding from a foreign language without determiners, the
inverse image will contain every imaginable English subtree vying to fill that determiner slot.



Tree-to-String
Rs RLs RLNs

closed under composition n.a. n.a. n.a.

image of tree is: CFL CFL CFL
inverse image of string is: RTL RTL RTL
image of RTL is: not CFL CFL CFL
inverse image of RSL is: RTL RTL RTL

Fig. 15. Properties of tree-to-string transducers. These properties derive from the imaging behav-
iors of R, RL, and RLN, respectively.

7 Tree-to-String Transducers

Figure 15 shows properties of tree-to-string transducers, denoted with suffix s. Tree-
to-string transducers were introduced by Aho and Ullman [40] for compilers. Several
recent machine translation models are also tree-to-string [12,30].

We can easily turn the R-transducer in Figure 4 into an Rs-transducer by remov-
ing the internal structure on the right-hand-sides of productions, yielding a comma-
separated list of leaves. For example, instead of rule 26:

r.vp VP

x0 x1

����� 

S

q.vbz x0 q.np x1

we use:

r.vp VP

x0 x1

����� 

q.vbz x0 , q.np x1

The sample input English tree of Figure 5 would then probabilistically transduce into a
flat Japanese string, e.g.:

kare , wa , ongaku , o , kiku , no , ga , daisuki , desu

In contrast with R, the empty string is allowed in the right-hand side of Rs productions.
The inverse image of a string through Rs is guaranteed to be an RTL, as is the

inverse image of a whole FSA. This result is similar to results that permit parsing of
lattices by CFGs [41]. This means we can put an Rs transducer at the end of a tree
transducer cascade, accepting observed inputs in string form (as we usually observe
natural language inputs). Or if we have noisy input, as from speech or optical character
recognition, then we can accept a whole FSA.



We may also want to use tree-to-string transducers in the forward direction, perhaps
passing the result onto a string-based language model. In this case, we note that if
the input to an RLs-transducer is an RTL, then the output is guaranteed to be a CFL.
However, if we use an Rs-transducer, then the output may be non-CFL, as in the non-
context-free yield language of the tree set in Figure 10.

8 Search

To solve problems with string automata, we often send an observed string backwards
through a noisy-channel cascade of FSTs and FSAs—this ultimately transforms the
string into a probabilistic FSA which encodes and ranks all possible “answer strings.”
We can then extract the best answer from this FSA with Dijkstra’s algorithm [42], and
we can extract the k-best paths with the fast algorithm of Eppstein [43], as is done in
Carmel [7]. Mohri and Riley [44] also describe how to extract the k-best distinct strings
from a weighted automaton.

The situation is similar with tree transducers. Once we manage to send our observed
tree (or string, in the case of Rs) back through a noisy-channel cascade of transduc-
ers/acceptors, we wind up with a probabilistic RTG of answer trees. We next want to
extract the best trees from that RTG. In general, this RTG may represent an infinite
number of trees; related problems have been studied for finite forests in [45,46].

Knuth [47] has considered how to extract the highest-probability derivation tree
from a probabilistic CFG (what he calls the grammar problem).6 Here, we adapt his
algorithm for RTG extraction. Knuth gives an explicit quadratic algorithm and points
to an improvement using priority queues, which we work out in Algorithm 1. This is
a generalization of Dijkstra’s algorithm, greedily finalizing the cost of one RTG non-
terminal at a time and remembering the lowest-cost production used to expand it. Each
production potentially reduces the cost of its left-hand-side exactly once, when the last
nonterminal in its right-hand-side is finalized.

To extract the k-best trees, it is useful to view RTG extraction as a hypergraph short-
est path problem [48,49]. It appears that no very efficient k-best hyperpath algorithms
exist yet.

9 Conclusion

We have investigated whether the benefits of finite-state string automata (elegant, generic
operations in support of probabilistic reasoning for natural language processing) can be
carried over into modeling with trees. We have distilled relevant theory and algorithms
from the extensive literature on tree automata, and our conclusion is positive.

Many open problems now exist in finding efficient algorithms to support what is
theoretically possible, and in implementing these algorithms in software toolkits. Here
we list some of the problems of interest:

6 Knuth’s setting is actually more general—he considers weighted CFGs and various weight-
combination functions.



Algorithm 1 Adaptation of Knuth’s algorithm to extract the best tree from an RTG.
Input: RTG with � nonterminals

�
, and � productions indexed by ��������� : with rhs non-

terminals 	�
 and lhs �
 , with a rule cost function of the form ��
�������	�
 �������� 
��! !"$#$%'&)(*
���+,�-����+.� , where (*
/��+,� is the number of occurrences of nonterminal 0
in production � , and � 
 �2143$5768��� � � 
 � .

Output: For all 9;: � , <>= 9�?��@� is the index of the production that builds the cheapest tree
possible from nonterminal � 
 �A9 (with <>= 	 
 ? recursively giving the cheapest trees for
the child nonterminals), and B>= 9�? is cost of that tree. <C= 9D?,�FE if there are no complete
derivations from 9 . Time complexity is G8���D145>�H�I0�� where ( 0 is the total size of the
input) if a Fibonacci heap is used, or G8�J�K1457�8�L0/� if a binary heap is used.

begin
for MN: � do

B>= MO?,PNQ�R
<>= MS?PNQIE
Adj = MO?PNQ � �

B>= T>?.PNQIE
<C= T>?PNQIE
Adj = T>?.PNQ � �
6!PNQ HEAP-CREATE �U�
HEAP-INSERT �J6�V-TWV�E$�
for �D�I�>�I�OVX	�
Y� �'+ � V[Z�Z�Z�V/+,\ � do� = �J?.PNQ � 


if ]8�AE then
/* fictitious sink nonterminal in rhs: T */
]8PNQA�$V�+ � PNQLT

^ = �J?2PNQ_] /* ^ = ��? is the number of rhs nonterminals remaining
before production � ’s cost is known. */
for �D�a`b�I] do Adj = +Sc[?.PNQ Adj = +Sc[?Sd �'� �

while 6fe�Fg do
M*PNQ HEAP-EXTRACT-MIN �J6��
for �C: Adj = MO? do

if � = ��?KhiB>= �
U? then� = �J?,PNQ � = ��?j�k(*
/��M)�XB>= MO?^ = �J?,PNQ ^ = ��?)Qk�
if ^ = �J?.�FE then

if � = ��?KhiB>= �
J? then
if B>= �
U?�AR then HEAP-INSERT �J6�V��
lV � = ��?m�
else n�o�pq6rQIsboutwvwo�pwx�oyQ�z�oD9N�J6�V�� 
 V � = ��?m� , <C= � 
 ?WPNQ�� ,
B>= � 
 ?.PNQ � = ��?

end



1. What is the most efficient algorithm for selecting the k-best trees from a probabilis-
tic regular tree grammar (RTG)?

2. How can efficient integrated search be carried out, so that all tree acceptors and
transducers in a cascade can simultaneously participate in the best-tree search?

3. What search heuristics (beaming, thresholding, etc.) are necessary for efficient ap-
plication of tree transducers to large-scale natural language problems?

4. What is the most efficient algorithm for composing probabilistic linear, non-deleting
(RLN) tree transducers?

5. What is the most efficient algorithm for intersecting probabilistic RTGs?
6. What are the most efficient algorithms for forward and backward application of

tree/tree and tree/string transducers?
7. For large tree transducers, what data structures, indexing strategies, and caching

techniques will support efficient algorithms?
8. What is the linguistically most appropriate tree transducer class for machine trans-

lation? For summarization? Which classes best handle the most common linguistic
constructions, and which classes best handle the most difficult ones?

9. Can compact RTGs encode high-performing tree-based language models with ap-
propriate backoff strategies, in the same way that FSA tools can implement n-gram
models?

10. What are the theoretical and computational properties of extended left-hand-side
transducers (x)? E.g., is xRLN closed under composition?

11. Where do synchronous grammars [50,17] and tree cloning [15] fit into the tree
transducer hierarchy?

12. As many syntactic and semantic theories generate acyclic graphs rather than trees,
can graph transducers adequately capture the desired transformations?

13. Are there tree transducers that can move unbounded material over unbounded dis-
tances, while maintaining efficient computational properties?

14. In analogy with extended context-free grammars [35], are there types of tree trans-
ducers that can process tree sets which are not limited to a finite set of rewrites
(e.g., S � NP VP PP

�
)?

15. Can we build tree-transducer models for machine translation that: (1) efficiently
train on large amounts of human translation data, (2) accurately model that data
by assigning it higher probability than other models, and (3) when combined with
search algorithms, yield grammatical and accurate translations?

16. Can we build useful, generic tree-transducer toolkits, and what sorts of program-
ming interfaces will be most effective?
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